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B

∫
∞

0
𝑒−(𝑎+𝑏𝑗)𝑥 d𝑥 = 1

𝑎 + 𝑏𝑗 =
𝑎

𝑎2 + 𝑏2 − 𝑗
𝑏

𝑎2 + 𝑏2

⟹ ∫
∞

0
𝑒−𝑎𝑥 cos(𝑏𝑥)d𝑥 = 𝑎

𝑎2 + 𝑏2 , ∫
∞

0
𝑒−𝑎𝑥 sin(𝑏𝑥)d𝑥 = 𝑏

𝑎2 + 𝑏2

∫
𝜕𝐷
𝑓(𝑧)d𝑧 = 2𝜋𝑗

𝑛
∑
𝑘=1

Res(𝑓, 𝑧𝑘)

Res(𝑓, 𝑎) = 1
(𝑚 − 1)! lim𝑧→𝑎

[(𝑧 − 𝑎)𝑚𝑓(𝑧)](𝑚−1)

𝑚 = 1 ⟹ Res(𝑓, 𝑎) = lim
𝑧→𝑎

(𝑧 − 𝑎)𝑓(𝑧)
Jordan

𝑔(𝑡) = 𝐸(exp{𝑡𝑋}) = ∫ exp{𝑡𝑥}d𝐹(𝑥)
𝑔𝑋+𝑌 (𝑡) = 𝑔𝑋 (𝑡)𝑔𝑌 (𝑡), 𝐸[𝑋𝑛] = 𝑔(𝑛)(0)

Var(𝑌) = 𝐸[Var(𝑌 ∣ 𝑁)] +

Var(𝐸[𝑌 ∣ 𝑁])
𝐸[𝑒𝑡𝑌 ∣ 𝑁 = 𝑛] = [𝑔𝑋 (𝑡)]𝑛

⟹ 𝑔𝑌 (𝑡) = 𝐸{𝐸[exp{𝑡𝑌} ∣ 𝑁]} = 𝐸[(𝑔𝑋 (𝑡))𝑁]
⟹ 𝑔′𝑌 (𝑡) = 𝐸[𝑁(𝑔𝑋 (𝑡))𝑁−1𝑔′𝑋 (𝑡)]

𝑔″𝑌 (𝑡) = 𝐸[𝑁(𝑁 − 1)(𝑔𝑋 (𝑡))𝑁−2(𝑔′𝑋 (𝑡))2 + 𝑁(𝑔𝑋 (𝑡))𝑁−1𝑔″𝑋 (𝑡)]

⟹
𝐸𝑌 = 𝐸[𝑁𝐸(𝑋)] = 𝐸𝑁 ⋅ 𝐸𝑋
𝐸𝑌2 = 𝐸𝑁 ⋅ Var 𝑋 + 𝐸𝑁2 ⋅ 𝐸2𝑋
Var 𝑌 = 𝐸𝑁 ⋅ Var 𝑋 + 𝐸2𝑋 ⋅ Var𝑁

𝜙𝑋 (𝑠) = 𝐸(𝑠𝑋 ) =
∞
∑
𝑘=0
𝑝𝑘𝑠𝑘

𝐸𝑋 = 𝜙′𝑋 (𝑠)|𝑠=1 , 𝐸{𝑋𝑟} = d𝑟
d𝑠𝑟 𝜙𝑋 (𝑠)|𝑠=1

𝑌 =
𝑁
∑
𝑖=1
𝑋𝑖 ⟹ 𝜙𝑌 (𝑠) = 𝐸 {(𝜙𝑋 (𝑠))𝑁} = 𝜙𝑁(𝜙𝑋 (𝑠))

• 𝑋𝑛
𝑝−→ 𝑋 ⇔ lim𝑛→∞ 𝑃(|𝑋𝑛 − 𝑋| ≥ 𝜖) = 0

• 𝑋𝑛 → 𝑋, a.s.⇔ 𝑃 (lim𝑛→∞(𝑋𝑛 − 𝑋) = 0) = 1

• 𝑋𝑛
𝐿2−−→ 𝑋 ⇔ lim𝑛→∞ 𝐸(𝑋𝑛 − 𝑋)2 = 0

•

𝑃(𝑋 = 𝑥) 𝑓(𝑥) 𝐸𝑋 Var(𝑋)

𝐵(𝑛, 𝑝), 0 ≤ 𝑝 ≤ 1 (𝑛𝑥)𝑝
𝑥 (1 − 𝑝)𝑛−𝑥 , 𝑥 = 0, 1, ⋯ , 𝑛 (𝑝𝑒𝑡 + (1 − 𝑝))𝑛 𝑛𝑝 𝑛𝑝(1 − 𝑝)

Poisson , 𝜆 > 0 𝑒−𝜆 𝜆
𝑥

𝑥! , 𝑥 = 0, 1, 2, ⋯ exp{𝜆(𝑒𝑡 − 1)} 𝜆 𝜆

, 0 ≤ 𝑝 ≤ 1 𝑝(1 − 𝑝)𝑥−1 , 𝑥 = 1, 2, ⋯ 𝑝𝑒𝑡
1 − (1 − 𝑝)𝑒𝑡

1
𝑝

1 − 𝑝
𝑝2

𝑟, 𝑝 (𝑥−1𝑟−1)𝑝
𝑟 (1 − 𝑝)𝑥−𝑟 , 𝑥 = 𝑟, 𝑟 + 1, ⋯ ( 𝑝𝑒𝑡

1 − (1 − 𝑝)𝑒𝑡 )
𝑟 𝑟

𝑝
𝑟(1 − 𝑝)
𝑝2

𝑈(𝑎, 𝑏) 1
𝑏 − 𝑎 , 𝑎 < 𝑥 < 𝑏

𝑒𝑡𝑏 − 𝑒𝑡𝑎
𝑡(𝑏 − 𝑎)

𝑎 + 𝑏
2

(𝑏 − 𝑎)2
12

, 𝜆 > 0 𝜆𝑒−𝜆𝑥 , 𝑥 ≥ 0 𝜆
𝜆 − 𝑡

1
𝜆

1
𝜆2

Γ Γ(𝑛, 𝜆), 𝜆 > 0 𝜆𝑒−𝜆𝑥 (𝜆𝑥)𝑛−1
(𝑛 − 1)! , 𝑥 ≥ 0 ( 𝜆

𝜆 − 𝑡 )
𝑛 𝑛

𝜆
𝑛
𝜆2

𝑁(𝜇, 𝜎2) 1
√2𝜋𝜎

𝑒−(𝑥−𝜇)2/(2𝜎2) exp {𝜇𝑡 + 𝜎
2𝑡2
2 } 𝜇 𝜎2

Beta 𝐵(𝑎, 𝑏),
𝑎 > 0, 𝑏 > 0

𝑐𝑥𝑎−1(1 − 𝑥)𝑏−1 , 0 < 𝑥 < 1, 𝑐 = Γ(𝑎 + 𝑏)
Γ(𝑎)Γ(𝑏) – 𝑎

𝑎 + 𝑏
𝑎𝑏

(𝑎 + 𝑏)2(𝑎 + 𝑏 + 1)

Poisson
0

𝑃{𝑁(𝑠 + 𝑡) − 𝑁(𝑠) = 𝑘} = 𝑒−𝜆𝑡 (𝜆𝑡)
𝑘

𝑘!
Poisson

𝑁(𝑡) = 𝑛 𝑊1, 𝑊2, ⋯ ,𝑊𝑛

𝑓𝑊1 ,𝑊2 ,…,𝑊𝑛 (𝑤1, 𝑤2, … , 𝑤𝑛) =
𝑛!
𝑡𝑛 , 0 < 𝑤1 < 𝑤2 < ⋯ < 𝑤𝑛 < 𝑡

𝑛 − 1 𝑛 𝑋𝑛 𝑛
𝑊𝑛 = ∑

𝑛
𝑖=1 𝑋𝑖

𝑋𝑛 ∼ Exp(𝜆), 𝑊𝑛 ∼ Γ(𝑛, 𝜆)
Poisson

Poisson 𝜆 𝑃{𝑁(𝑡 + ℎ) − 𝑁(𝑡) ≥ 1} =
𝜆(𝑡)ℎ + 𝑜(ℎ)

𝑃{𝑁(𝑡 + ℎ) − 𝑁(𝑡) = 𝑘} =
(∫𝑡+ℎ𝑡 𝜆(𝑢)d𝑢)

𝑘
exp (−∫𝑡+ℎ𝑡 𝜆(𝑢)d𝑢)
𝑘!

Poisson
𝑋(𝑡) = ∑𝑁(𝑡)𝑖=1 𝑌𝑖 𝑌𝑖 𝐺(𝑦) 𝐸𝑌 = 𝜇, Var 𝑌 = 𝜏2
𝑁(𝑡) 𝜆 Poisson 𝑋(𝑡) Poisson

𝑌1 ∼ 𝐺(𝑦) ⟹ 𝑃{𝑌1 + 𝑌2 ≤ 𝑦} = ∫
∞

−∞
𝐺(𝑦 − 𝑧)d𝐺(𝑧)

⟹ 𝑃{𝑋(𝑡) ≤ 𝑥} = 𝑃 {
𝑁(𝑡)

∑
𝑘=1
𝑌𝑘 ≤ 𝑥}

=
∞
∑
𝑛=0
𝑃 {

𝑁(𝑡)

∑
𝑘=1
𝑌𝑘 ≤ 𝑥 ∣ 𝑁(𝑡) = 𝑛} 𝑃 {𝑁(𝑡) = 𝑛}

=
∞
∑
𝑛=0
𝑃 {

𝑛
∑
𝑘=1
𝑌𝑘 ≤ 𝑥}

(𝜆𝑡)𝑛𝑒−𝜆𝑡
𝑛!

=
∞
∑
𝑛=0

(𝜆𝑡)𝑛𝑒−𝜆𝑡
𝑛! 𝐺(𝑛)(𝑥)

Poisson
𝑋𝑖 𝐹(𝑥) 𝑊0 = 0, 𝑊𝑛 =

∑𝑛𝑖=1 𝑋𝑖 𝑁(𝑡) = max{𝑛 ∶ 𝑊𝑛 ≤ 𝑡}
𝐹 (𝑛)(𝑡) 𝐹(𝑡) 𝑛

𝑃{𝑁(𝑡) = 𝑛} = 𝐹 (𝑛)(𝑡) − 𝐹 (𝑛+1)(𝑡)
Markov

Markov
Markov 𝑡 + 𝑠 𝑠



Markov 𝑃 = (𝑝𝑖𝑗)𝑛𝑛 𝑖
𝑗 1

𝜋
Chapman-Kolmogorov

𝑃(𝑛+𝑚)𝑖𝑗 =
∞
∑
𝑘=0
𝑃(𝑚)𝑖𝑘 𝑃

(𝑛)
𝑘𝑗

• 𝑑(𝑖) 𝑃(𝑛)𝑖𝑖 > 0 𝑛
𝑛 ≥ 1 ∞ 𝑑(𝑖) = 1

• 𝑛 𝑃𝑛

• 𝑓 (𝑛)𝑖𝑗 = 𝑃{𝑋𝑛 = 𝑗, 𝑋𝑘 ≠ 𝑗, 𝑘 = 1, 2, ⋯ , 𝑛 − 1 ∣ 𝑋0 = 𝑖} 𝑖 𝑛
𝑗 𝑓𝑖𝑗 = ∑

∞
𝑛=1 𝑓

(𝑛)
𝑖𝑗 𝑗

• ⇔ 𝑓𝑖𝑖 = 1 ⇔ 𝑓𝑖𝑖 < 1
• 𝑇𝑖 𝑖 𝜇𝑖 = 𝐸𝑇𝑖 = ∑

∞
𝑛=1 𝑛𝑓

(𝑛)
𝑖𝑖

𝜇𝑖 = ∞ 𝜇𝑖 < ∞
• (ergodic)

• 𝑖 lim𝑛→∞ 𝑃
(𝑛)
𝑖𝑖 = 0

• 𝑖 𝑑 lim𝑛→∞ 𝑃
(𝑛𝑑)
𝑖𝑖 = 𝑑

𝜇𝑖
;

• 𝑖 lim𝑛→∞ 𝑃
(𝑛)
𝑖𝑖 = 1

𝜇𝑖
Markov

𝐸𝑍1 = 𝜇, Var 𝑍1 = 𝜎2

𝐸𝑋𝑛+1 = 𝜇𝑛
Var 𝑋𝑛+1 = 𝜎2𝜇𝑛[1 + 𝜇 + ⋯ + 𝜇𝑛]

= {𝜎
2𝜇𝑛 1−𝜇𝑛+11−𝜇 , 𝜇 ≠ 1
(𝑛 + 1)𝜎2, 𝜇 = 1

𝜙(𝑠)

𝜙(𝑠) =
∞
∑
𝑘=0
𝑝𝑘𝑠𝑘, 𝜙𝑛+1(𝑠) = 𝜙𝑛(𝜙(𝑠))

• 𝜋 = 𝜙(𝜋)
• 𝜇 = 𝐸𝑍1 ≤ 1 ⇔ 𝜋 = 1

Markov
{𝑋(𝑡), 𝑡 ≥ 0}
𝑃 {𝑋(𝑡 + 𝑠) = 𝑗 ∣ 𝑋(𝑠) = 𝑖, 𝑋(𝑢), 0 ≤ 𝑢 < 𝑠}

= 𝑃{𝑋(𝑡 + 𝑠) = 𝑗 ∣ 𝑋(𝑠) = 𝑖}

𝑋 = {𝑋(𝑡), 𝑡 ∈ 𝑇}
∀𝑘, ∀𝑡1 < 𝑡2 < ⋯ < 𝑡𝑛, 𝑡1, 𝑡2, ⋯ , 𝑡𝑛 ∈ 𝑇, ∀ℎ

s.t. {𝑋(𝑡1), 𝑋(𝑡2), ⋯ , 𝑋(𝑡𝑘)}
𝑑= {𝑋(𝑡1 + ℎ), 𝑋(𝑡2 + ℎ), ⋯ , 𝑋(𝑡𝑛 + ℎ)}

Gauss 𝐺 = {𝐺(𝑡), −∞ < 𝑡 < ∞} ∀𝑘, 𝑡1 ≤ 𝑡2 ≤ ⋯ ≤ 𝑡𝑘
(𝐺(𝑡1), 𝐺(𝑡2), ⋯ , 𝐺(𝑡𝑘)) 𝑘 𝐺 Gauss

𝑋 =
{𝑋(𝑡), −∞ < 𝑡 < ∞}

[0,∞)

𝑋̄ = lim
𝑇→∞

1
2𝑇 ∫

𝑇

−𝑇
𝑋(𝑡)d𝑡 𝐿2= 𝑚

𝑋̄ = lim
𝑁→∞

1
2𝑁 + 1

𝑁
∑
𝑘=−𝑁

𝑋(𝑘) 𝐿2= 𝑚

𝑅̂(𝜏) = lim
𝑇→∞

1
2𝑇 ∫

𝑇

−𝑇
(𝑋(𝑡) − 𝑚)(𝑋(𝑡 + 𝜏) − 𝑚)d𝑡 𝐿2= 𝑅(𝜏)

𝑅̂(𝜏) = lim
𝑁→∞

1
2𝑁 + 1

𝑁
∑
𝑘=−𝑁

(𝑋(𝑘 + 𝜏) − 𝑚̂𝑁)(𝑋(𝑘) − 𝑚̂𝑁)
𝐿2= 𝑅(𝜏)

• 𝑋 = {𝑋𝑛, 𝑛 = 0, ±1, ⋯} 𝑋
lim𝑁→∞

1
𝑁 ∑

𝑁−1
𝜏=0 𝑅(𝜏) = 0 𝑅(𝜏) → 0, 𝜏 → ∞

• 𝑋 = {𝑋(𝑡), −∞ < 𝑡 < ∞} 𝑋
lim𝑇→∞

1
𝑇 ∫

2𝑇
0 (1 − 𝜏

2𝑇 )𝑅(𝜏)d𝜏 = 0 ∫∞−∞ |𝑅(𝜏)|d𝜏 < ∞

𝑋 = {𝑋𝑛, 𝑛 = 0, ±1, ⋯} 0
Gauss lim𝑁→∞

1
𝑁 ∑

𝑁−1
𝑘=0 𝑅2(𝑘) = 0

Wiener-
Khintchine

𝑅(𝜏) FFT⟷𝑆(𝜔)
FFT DTFT 𝑅(𝜏) 𝑆(𝜔) Wiener-

Khintchine

1.
2.
3. 2

Brown
{𝑋(𝑡), 𝑡 ≥ 0} Brown

1. 𝑋(0) = 0
2. 𝑋
3. ∀𝑡 > 0 𝑋(𝑡) ∼ 𝑁(0, 𝑐2𝑡) 𝑐 = 1 Brown

𝑓𝑡(𝑥) =
1

√2𝜋𝑡
𝑒− 𝑥

2
2𝑡

∀0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑛 (𝑋(𝑡1), 𝑋(𝑡2), ⋯ , 𝑋(𝑡𝑛))

𝑓𝑡1 ,𝑡2 ,…,𝑡𝑛 (𝑥1, 𝑥2, … , 𝑥𝑛) = 𝑓𝑡1 (𝑥1)
𝑛
∏
𝑖=2
𝑓𝑡𝑖−𝑡𝑖−1 (𝑥𝑖 − 𝑥𝑖−1)

Cov(𝑋(𝑠), 𝑋(𝑡)) = Cov(𝑋(𝑠), 𝑋(𝑠) + (𝑋(𝑡) − 𝑋(𝑠)))
= Cov(𝑋(𝑠), 𝑋(𝑠)) + Cov(𝑋(𝑠), 𝑋(𝑡) − 𝑋(𝑠))
= 𝑠 + 0 = 𝑠

⟹ Cov(𝑋(𝑠), 𝑋(𝑡)) = min(𝑠, 𝑡)


